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General relativity yields an analytical prediction of a minimum required mass of roughly
∼0.08–0.09 M⊙ for a star to stably burn sufficient hydrogen to fully compensate photospheric losses
and, therefore, to belong to the main sequence. Those objects below this threshold (brown dwarfs)
eventually cool down without any chance to stabilize their internal temperature. In this work we consider
quadratic Palatini fðRÞ gravity and show that the corresponding Newtonian hydrostatic equilibrium
equation contains a new term whose effect is to introduce a weakening/strengthening of the gravitational
interaction inside astrophysical bodies. This fact modifies the general relativity prediction for this minimum
main sequence mass. Through a crude analytical modeling we use this result in order to constraint a
combination of the quadratic fðRÞ gravity parameter and the central density according to astrophysical
observations.
DOI: 10.1103/PhysRevD.100.044020
I. INTRODUCTION
General relativity (GR) is undoubtedly a successful
theory of the gravitational interaction. It has been con-
firmed by a large array of observations/experiments [1] and
recently further supported by the remarkable finding of
gravitational waves out of binary mergers [2,3] (see [4] for
a review), and by the imaging of the shadow of the
supermassive black hole of M87 [5]. However, GR also
faces a number of shortcomings, including the nondetec-
tion of dark matter/energy sources needed for the consis-
tence of the cosmological concordance model [6–9], or the
long-lasting issue of its ultraviolet completion [10,11] and
the troubles with space-time singularities [12]. Those
shortcomings can be addressed via extensions of GR under
the paradigm of the so-called modified theories of gravity.
The later can be realized, for instance, by extending the
Einstein-Hilbert action to be some more general function of
curvature scalars [13], by adding minimally or nonmini-
mally coupled scalar fields [14,15], by including additional
geometric ingredients [16], or by treating the physical
constants as dynamical quantities [17,18]. Many such
theories are now heavily constrained by gravitational wave
observations [19–24].
Astrophysical sources provide also valuable information
and constraints on GR and its extensions [25]. For instance,
the observations of several neutron stars of two solar
masses [26–28] pose a challenge to our theories of the
nuclear and gravitational interactions under the most
extreme accessible conditions due to the unavoidable
extrapolation of the form of the equation of state above
the nuclear saturation density at the center of such stars.
There exists another family of objects known as brown
dwarfs, which correspond to substellar objects found in the
lower edge of the main sequence of the Hertzsprung-
Russell diagram. Brown dwarfs have central densities
ρc∼10–103gr=cm3 and radius ∼0.1 R⊙, are composed pre-
dominantly of metallic hydrogen and helium but, not being
massive enough, their contraction is halted at the onset of
electronic degeneracy pressure before being able to ignite
sufficient nuclear fuel to fully compensate their surface
energy losses, thus eventually cooling down into oblivion.
However, unlike neutron stars, whose actual composition
and dynamics at different depths is a matter of active
debate, brown dwarfs turn out to have rather generic and
robust properties. They exhibit weak variations in their
metallicity and opacity, are chemically homogeneous
almost everywhere (apart from their photospheres), and
can be treated as static objects because of their negligible
chemical evolution (for a broad description of brown
dwarfs, see [29]). Thus, the weak dependence of brown
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dwarfs on nongravitational physics turns them into excel-
lent laboratories to test the predictions of modified theories
of gravity.
Though this brown dwarf family encompasses a large
variety of objects, here our focus will be their high-mass
branch (≳0.07 M⊙), for which an analytic (though crude)
modeling of their structural properties can be implemented.
Via such a modeling one can analyze the conditions
allowing thermonuclear ignition before the fluid becomes
degenerate in a self-limiting process known as the mini-
mum mass threshold required for stable hydrogen burning
or, in other words, the required minimum main sequence
mass (MMSM). For this process GR provides a bound of
roughly ∼0.08–0.09 M⊙ (depending on different elements
of the modeling); therefore, “stars” below this threshold
cannot hope to join the main sequence. Since dwarf stars
are well described by simple polytropic equations of state,
they turn out to be particularly suitable to constrain any
theory of gravity predicting a modification of the hydro-
static equilibrium equation of GR inside astrophysical
bodies, in particular, via its corresponding prediction for
the MMSM and its compatibility with observations of the
lowest-mass main sequence stars ever observed. The
viability of this procedure was illustrated by Sakstein
[30,31] for certain classes of scalar-tensor theories where
the hydrostatic equilibrium equation picks up a new term,
allowing us to put stringent constraints upon the underlying
theory.1
In this work we focus on fðRÞ theories of gravity
formulated in metric-affine (or Palatini) spaces, where the
metric and the affine connection are regarded as indepen-
dent entities [33]. There are several advantages of this
approach. Indeed, Palatini theories of gravity modify the
GR gravitational dynamics via nonlinearities induced by
the affine connection, which appear on the right-hand-side
of the field equations as extra matter contributions. This
clearly distinguishes these theories from other approaches
where new propagating degrees of freedom arise. As the
vacuum equations of these theories (as well as their
solutions) reduce to those of GR with a cosmological
constant term, they are consistent with the fact that orbital
motions of binary systems should be in good agreement
with vacuum GR. However, inside astrophysical bodies
these theories modify the Tolman-Oppenheimer-Volkoff
(TOV) equations of hydrostatic equilibrium by means of
new (energy) density-dependent contributions. All these
features make these theories suitable to test deviations on
the MMSMwith respect to the GR result. Here we consider
the (perhaps) simplest member of the Palatini fðRÞ family,
namely, the quadratic one, for which physically compelling
results on black holes and the avoidance of space-time
singularities have been obtained by some of us [34,35]. For
this particular theory, the corresponding TOVequations can
be solved by going to the Einstein frame. Since observa-
tions have narrowed down the minimum threshold of very-
low mass stars toM ≳ 0.0930 0.0008 M⊙ corresponding
to the M-dwarf star G1 866C [36], comparison of the
predictions of our model with this observation allows us to
constrain a combination of the parameter of quadratic fðRÞ
gravity and the star’s central density.
This work is organized as follows: in Sec. II we
introduce quadratic Palatini fðRÞ gravity, cast its field
equations for perfect fluids into the modified stellar
hydrostatic equilibrium (TOV) equations, and obtain the
nonrelativistic limit of such equations (generalized Lane-
Emden equation). From this equation, the relevant physics
of brown dwarfs for the MMSM is analyzed in Sec. III,
whose main finding is an expression for it involving the
quadratic gravity parameter and the star’s central density.
Section IV contains a discussion of the results obtained and
the limitations of our approach as well as some future
perspectives.
II. STELLAR EQUILIBRIUM EQUATIONS IN
PALATINI f ðRÞ GRAVITY
In the Palatini formulation of gravitational theories the
geometry and its dynamics are encapsulated into two
independent structures, a class of Lorentzian metrics gμν
and an affine connection Γ≡ Γλμν. Here we are considering
the simplest extension of GR within this formulation,
namely, fðRÞ theories, whose action is given by
S ¼ SG þ Sm ¼
1
2κ
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p
fðRÞ þ Smðgμν;ψmÞ; ð1Þ
where κ ≡ −8πG=c4 is Newton’s constant (from now
on G ¼ c ¼ 1), g is the determinant of the space-time
metric, the affine connection is built in the Ricci tensor
RμνðΓÞ≡Rαμαν, and fðRÞ is some function of the Ricci
scalar R ¼ gμνRμνðΓÞ. As for the matter action, Sm, it is
assumed to be minimally coupled, with ψm representing
collectively the matter fields. Variation of the action (1)
with respect to gμν and Γ yields two systems of equations,
fRRμν −
1
2
fðRÞgμν ¼ κTμν; ð2Þ
∇Γβð ﬃﬃﬃﬃﬃﬃ−gp fRgμνÞ ¼ 0; ð3Þ
where fR ≡ df=dR and Tμν ¼ 2ﬃﬃﬃﬃ−gp δSmδgμν is the energy
momentum tensor of the matter fields. Let us first note
that tracing over the system of equations (2) one finds that
RfR − 2f ¼ κT, which is an algebraic equation telling us
that the curvature scalar can be removed in favor of the
matter sources (via the trace T of the energy-momentum
1A more recent work on this issue is the one of [32], where
constraints from MMSM for degenerate higher-order scalar
tensor (DHOST) theories are also found.
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tensor). In turn, this allows us to interpret Eq. (3) as the
standard compatibility condition of the independent con-
nection Γ with another rank-two tensor hμν, conformally
related to the space-time metric gμν as
hμν ¼ fRgμν: ð4Þ
In other words, Γ is Levi-Civita of hμν while gμν is obtained
via the conformal transformation (4) with fR ≡ fRðTÞ
fully determined by the matter sources once some func-
tional form fðRÞ is given. In particular, when fðRÞ ¼
R − 2Λ, then fR trivializes, the independent connection
becomes Levi-Civita of gμν, and the field equations (2)
reduce to the standard Einstein equations (with a cosmo-
logical constant Λ) of GR. Similarly, in vacuum, Tμν ¼ 0,
or for traceless matter, T ¼ 0, one finds that fR also
trivializes independently of its form and one recovers the
GR dynamics as well. This implies that Palatini fðRÞ
models are ghost-free, propagating only the two polar-
izations2 of the gravitational field (gravitational waves)
traveling at the speed of light.
To handle the field equations (2) in a more convenient
way for the sake of the problem considered here, we use the
fact that they can be rewritten in the terms of the conformal
metric hμν [40,41] and the scalar field Φ≡ fR as
R¯μν −
1
2
hμνR¯ ¼ κT¯μν −
1
2
hμν
UðΦÞ
Φ2
; ð5Þ
2UðΦÞ −ΦUΦ ¼ κT; ð6Þ
whereΦ≡ fR,UðΦÞ≡ ðRΦ − fðRÞÞ and T¯μν ≡Φ−1Tμν.
One must also bear in mind that Rμν ¼ R¯μν; R¯ ¼
hμνR¯μν ¼ Φ−1R and hμνR¯ ¼ gμνR. The system (5)–(6)
corresponds to the field equations of an Einstein-like theory
in which the metric hμν is sourced by nonlinear terms
associated to the matter fields. The nonlinearities enter
through the scalar quantity Φ, which is algebraically
determined by the matter sources via Eq. (6), which implies
Φ ¼ ΦðTÞ.
Using the above definitions and properties let us now
assume as our matter source a perfect fluid with energy-
momentum tensor,
Tμν ¼ ðρþ pÞuμuν þ pδνμ; ð7Þ
where the unit vector uμuμ ¼ −1, while ρ and p are the
energy density and pressure of the fluid, respectively. It has
been shown in [42,43] that, for a static, spherically
symmetric line element, the generalized TOV equations
of stellar hydrostatic equilibrium for this theory read

Π
ΦðrÞ2
0
¼ −GAM
r2

Qþ Π
ΦðrÞ2

1þ
4πr3 ΠΦðrÞ2
M

ð8Þ
A ¼ 1 − 2GMðrÞ
r
ð9Þ
MðrÞ ¼
Z
r
0
4πr˜2
Qðr˜Þ
Φðr˜Þ2 dr˜; ð10Þ
where primes stand for radial derivatives, and the gener-
alized energy density Q and pressure Π are defined as
Q¯ ¼ ρ¯þ U¯
2κc2
¼ ρ
Φ2
þ U
2κc2Φ2
¼ Q
Φ2
; ð11aÞ
Π¯ ¼ p¯ − U¯
2κ
¼ p
Φ2
−
U
2κΦ2
¼ Π
Φ2
: ð11bÞ
Recall that U¯ and Φ depend on the choice of the
gravitational model one is interested in. It is readily seen
that, in the GR limit, Φ ¼ 1; U¯ ¼ 0, one recovers the
standard TOV equations.
A. Generalized Lane-Emden equation
In what follows we shall focus on the quadratic model,
fðRÞ ¼ Rþ βR2; ð12Þ
first introduced by Starobinsky [44] in the context of
inflation. This model should capture in an effective way
relevant contributions from higher-order modifications of
GR. Though other kind of quadratic terms are certainly
possible, such as RμνRμν corrections,
3 the technical sim-
plicity of the fðRÞmodel over any other extension justifies
our consideration of this model.
To carry out the analysis of the MMSM one takes
advantage of the fact that brown stars are nonrelativistic
objects [29], and in such a case the generalized TOV
equations (8) can be greatly simplified. In particular, the
relation between the energy density and the pressure
needed to close the TOV equations is typically assumed2It is well known that the metric formulation of fðRÞ theories is
equivalent to Brans-Dicke theories with ω ¼ 0, while the Palatini
version leads instead to ω ¼ −3=2. Given that the scalar field
equation in Brans-Dicke theory is of the form ð3þ 2ωÞ□ϕþ
ϕVϕ − 2V ¼ κT, it follows that in the ω ¼ −3=2 case there is no
dynamics for the scalar and, therefore, the resulting theory has
exactly the same number of dynamical degrees of freedom as GR.
A first discussion of this point can be found in [37,38] while
a Hamiltonian analysis of the degrees of freedom was provided
in [39].
3It should be noted that Ricci-squared corrections in the metric
formulation generically lead to ghostlike instabilities [45,46]. In
the Palatini version that we are considering here, however, the
situation is completely different. In fact, the Palatini version of the
so-called Ricci-based gravity theories, in which the Lagrangian is
an arbitrary function of the metric and the symmetric part of the
Ricci tensor, always leads to second-order field equations which
recover GR in vacuum. For details see [47].
MINIMUM MAIN SEQUENCE MASS IN QUADRATIC … PHYS. REV. D 100, 044020 (2019)
044020-3
to be of polytropic type. Though in our analysis we will rely
on this standard description, one should bear in mind that
the polytropic approximation is useful as far as it provides
a rough idea of the structural properties of the object, such
as the scale of its total mass and size. For realistic
discussions of the observational features of stellar objects,
however, more realistic and accurate descriptions beyond
the polytropic simplification are needed. In fact, the physics
of stellar atmospheres is complex and depends intimately
on their temperature and composition, which are not
accounted for by polytropes in any way. For this reason,
though it has been claimed that polytropes pose severe
constraints on Palatini fðRÞ and other metric-affine the-
ories, see e.g., [48,49], our view is that such conclusions are
just the result of an extreme mathematical simplification
and idealization of the astrophysical problem [50], having
no actual impact on realistic physical scenarios, where
metallicity, electrostatic effects, radiation fluxes, and other
fine details demand nonpolytropic descriptions and sub-
stantially affect how the geometry transits towards the
(nonempty) external environment (see [33,51] for further
discussions on these topics).
Thus, considering a polytropic equation of state (EoS),
p ¼ Kρnþ1n ; ð13Þ
where K is the polytropic constant, and n the polytropic
index, and introducing the following redefinitions:
r ¼ rcξ¯; ρ ¼ ρcθn; p ¼ pcθnþ1; r2c ¼
ðnþ 1Þ
4πGρ2c
pc;
ð14Þ
it was shown in [52] that, in the Einstein frame, the
generalized Lane-Emden equation for the quadratic model
(12) is given by
θn þ 1
ξ¯
d2
dξ¯2

1þ 2α
nþ 1 θ
n

ξ¯θ

¼ 0; ð15Þ
where α ¼ κc2βρc, with ρc being the star’s central density.
Other generalizations of the Lane-Emden equation for
scalar-tensor theories can be found in [53,54]. The above
equation picks up a new term as compared to the Lane-
Emden one of GR [55], which is recovered in the limit
α→ 0. As high-mass brown dwarfs contract along a
Hayashi track they are nearly fully convective and can
be well approximated by a polytropic EoS (13) with n ¼
3=2 [56] (and with K a function of the specific entropy),
and this is the value we shall take hereafter. Let us note that,
in general, the generalized Lane-Emden equation in Palatini
gravity, as well as in some other modified theories of
gravity [57] is not scale-invariant because the parameter α
depends on the central energy density ρc.
For our analysis it is more useful to cast the generalized
Lane-Emden equation (15) in the Jordan frame. Performing
the conformal transformation ξ¯2 ¼ Φξ2, where for our
model (12) we have Φ ¼ 1þ 2αθn, the above equation
is written as
ξ2θnΦ3=2 þ 1
1þ ξΦξ
2Φ
d
dξ

ξ2Φ3=2
1þ ξΦξ
2Φ
dθ
dξ

¼ 0: ð16Þ
Though this equation is seemingly more involved than the
one in the Einstein frame, it has some advantages, as shall
be seen at once. As usual, imposing boundary conditions
θð0Þ ¼ 1 and θ0ð0Þ ¼ 0, once a solution θðξÞ to (16) is
found, the first zero ξR of θðξRÞ ¼ 0 allows one to compute
the star’s mass, radius, central density, and temperature via
the following expressions:
M ¼ 4πr3cρcωn; ð17Þ
R ¼ γn

K
G
 n
3−n
M
n−1
n−3ξR; ð18Þ
ρc ¼ δn

3M
4πR3

; ð19Þ
T ¼ Kμ
kB
ρ
1
n
cθn; ð20Þ
where kB is Boltzmann’s constant and μ the mean molecu-
lar weight, and we have introduced the set of constants [58],
ωn ¼ −
ξ2Φ32
1þ 1
2
ξ
Φξ
Φ
dθ
dξ

ξ¼ξR
; ð21Þ
γn ¼ ð4πÞ 1n−3ðnþ 1Þ n3−nω
n−1
3−n
n ξR; ð22Þ
δn ¼ −
ξR
3 Φ
−1
2
1þ1
2
ξ
Φξ
Φ
dθ
dξ jξ¼ξR
: ð23Þ
Let us note that the constants (21) and (23) differ from their
GR forms in that new Φ-dependent terms have been picked
up. The reason for this is that r-coordinate in the mass
function (10) is the one coming from the conformal metric
hμν due to the use of Jordan frame. In GR,Φξ ¼ 0 and these
constants recover their standard meanings.
From the generalized Lane-Emden equation (16), one
finds that its solution near the center behaves as
θðξ ≈ 0Þ ¼ 1 − ξ
2
6
; ð24Þ
which is the same result as in GR, and can be well
approximated for the purpose of computing the MMSM
[59] as
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θðξ ≈ 0Þ ¼ exp

−
ξ2
6

: ð25Þ
These are the main elements we need from the generalized
Lane-Emden equation (16) in order to carry out the
determination of the MMSM in quadratic Palatini fðRÞ
gravity in next section.
III. MINIMUM MAIN SEQUENCE MASS
Our analysis of the MMSM for quadratic Palatini fðRÞ
gravity will now parallel the one carried out by Burrows
and Liebert [29] for GR and, more recently, the one by
Sakstein [30,31] for certain scalar-tensor theories. The
starting point of this analysis is to note that the thermo-
nuclear ignition is powered by three main chain reactions:
pþp→dþeþþνe;pþe−þp→dþνe;pþd→ 3Heþγ,
where the first one is a slow process acting as the bottleneck
behind the MMSM bound. The energy generation rate per
unit mass of this process can be well approximated by the
power law form [29]
_ϵpp ¼ _ϵc

T
Tc

s

ρ
ρc

u−1
; ð26Þ
where Tc and ρc are the central temperature and density,
respectively, and the two exponents can be approximated as
s ≈ 6.31 and u ≈ 2.28. For an assumed hydrogen fraction of
75% in a high-mass brown dwarf the number of baryons
per electron can be fixed to μe ≈ 1.143, which yields the
value of the constant,
_ϵc ¼ ϵ0Tscρu−1c ; ð27Þ
where _ϵ0 ≈ 3.4 × 10−9 ergs g−1 s−1. Next, the polytropic
constant K appearing in the polytropic EoS can be
approximated by an expression valid at both the low-
temperature and high-temperature regimes (but not in
between) of the brown dwarf as [29]
K ¼ ð3π
2Þ23ℏ2
5mem
5
3
Hμ
5
3
e

1þ αd
η

; ð28Þ
where me is the electron mass, mH the mass of atomic
hydrogen, the constant αd ≡ 5μe2μ ≈ 4.82, while the quantity,
η≡ μF
κBT
; ð29Þ
where μF is Fermi energy, measures the degree of the
degeneracy electron pressure of the star (η≫ 1 for fully
degenerate gas and η≪ 1 for ideal gas law). Thus, for
n ¼ 3=2, from (18), we get the stellar radius as
R ¼ ð3π
2Þ23ℏ2
5Gmem
5
3
Hμ
5
3
e

1þ αd
η

γ3=2M−1=3; ð30Þ
which one uses to obtain the core density in (19) as
ρc ¼
125G3m3em5Hμ
5
e
12π5ℏ6
δ3=2
γ33=2
M2

1þ αd
η

−3
; ð31Þ
while the core temperature follows from (20) as
Tc ¼
25G2mem
8=3
H μ
8=3
e
27=3π2ℏ2
δ
2
3
3=2
γ23=2
η
ðαd þ ηÞ2
M
4
3: ð32Þ
From the energy generation rate formula (26), one can
integrate over the stellar volume to find the luminosity from
hydrogen burning as
LHB ¼ 4πr3cρc _ϵc
Z
ξR
0
ξ2θnðuþ23sÞdξ: ð33Þ
Taking the approximate solution (25) this integral can be
computed as4
LHB ¼
3
ﬃﬃﬃﬃﬃ
6π
p
2ω3=2ð32 uþ sÞ
3
2
_ϵcM ≈ 0.079_ϵcM: ð34Þ
Let us note again that the modification from quadratic
Palatini gravity appears both in the mass M and in the
quantity ω3=2, as follows from Eqs. (17) and (21), via the
conformal factor Φ. Therefore, inserting these formulas as
well as Eq. (27) in the luminosity formula (34) we find the
result,
LHB ¼ 1.53× 107L⊙
δ5.4873=2
ω3=2γ
16.46
3=2
M11.977−1
η10.15
ðηþαdÞ16.46
; ð35Þ
where we have defined M−1 ¼ M=ð0.1 M⊙Þ and L⊙ is the
solar luminosity.
A star burns hydrogen in a stable way when the above
luminosity is equal to the luminosity at the photosphere,
Lph. The photosphere is defined at the radius for which the
optical depth,
τðrÞ ¼
Z
∞
r
κRρdr; ð36Þ
4In doing so we take into account that most of the star’s mass is
concentrated at the center, and that other uncertainties and
approximations used in this crude modeling will be larger than
those involved in the use of the approximated solution (25). In
particular, this implies to keep the new gravitational scale α small
enough, which will be the case for the numerical computations
employed later.
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equals 2=3. In this formula, κR stands for Rosseland’s mean
opacity. The photosphere lies indeed very close to the
stellar radius, and therefore we will approximate this radius
as the stellar one in what follows. To keep going, let us
come back to the modified hydrostatic equilibrium equa-
tion and the mass in the Newtonian limit, which read
explicitly, in the Einstein frame, as
dp
dr˜
¼ −GMρ
ϕr˜2
; ð37Þ
M ¼
Z
r˜
0
4πx2ρðxÞdx; ð38Þ
where r˜2 ¼ ϕr2 and ϕ ¼ 1þ 2κ2c2βρ. Transforming back
to the Jordan frame, Taylor-expanding around β ¼ 0
reduces the modified hydrostatic equilibrium equation to
p0 ¼ −gρð1þ κc2β½rρ0 − 3ρÞ; ð39Þ
where g ¼ const is the surface gravity, which can be
approximated as
g≡GMðrÞ
r2
∼
GM
R2
: ð40Þ
We also need to transform the mass functionMðrÞ. Since
the transformation depends on the energy density, which on
the star’s surface drops to ρ ≈ 0, we assume that also in the
Jordan frame the following is true:
M00 ¼ 8πrρþ 4πr2ρ0; ð41Þ
which we use in (39) to find
p0ph ¼ −gρ

1þ 8β g
c2r

: ð42Þ
Using the definition of the optical depth (36) we can
integrate the above expression as
pph ¼
2gð1þ 8β gc2RÞ
3κR
; ð43Þ
where the radius R is given by (30). Let us note that one can
cast this expression in terms of the GR one by defining the
effective opacity,
κeffR ¼
κR
ð1þ 8β gc2RÞ
; ð44Þ
which, for the quadratic gravity considered here, depends
not only on the theory parameter, β, but also on the surface
gravity and the core density via the stellar radius. This
introduces a fundamental difference with other theories
of gravity, such as scalar-tensor theories, where this
modification only involves the theory’s parameter
[30,31]. Assuming the ideal gas law, from Eq. (43) one
can write
ρkBT
μmH
¼ 2gð1þ 8β
g
c2RÞ
3κR
: ð45Þ
The surface gravity g, after inserting the expressions for the
mass and radius (30), and making explicit the numerical
values of the constants, is written as
g ¼ 3.15 × 10
6
γ23=2
M5=3−1

1þ αd
η

−2
cm=s2; ð46Þ
while the photospheric temperature can be obtained from
matching the specific entropy of the gas and metallic phases
there, which yields the result (we refer again to Barrows
and Liebert [29] for details),
Tph ¼ 1.8 × 106
ρ0.42ph
η1.545
K: ð47Þ
Thus, applying those two expressions to (45) we find the
photospheric energy density,
ρph
g=cm3
¼ 5.28 × 10−5M1.17−1

1þ 8β gc2R
κ−2

0.7
×
η1.09
γ1.413=2

1þ αd
η

−1.41
; ð48Þ
where κ−2 ¼ κR=ð10−2 cm2 g−1Þ. Inserting ρph into the
photospheric temperature (47) one finds
Tph
K
¼ 2.88 × 104 M
0.49
−1
γ0.593=2 η
1.09
×

1þ 8β gc2R
κ−2

0.296
1þ αd
η

−0.59
: ð49Þ
The stellar luminosity defined as Lph ¼ 4πR2σT4ph is found
to be
Lph ¼ 28.18L⊙
M1.305−1
γ2.3663=2 η
4.351
×

1þ 8β gc2R
κ−2

1.183
1þ αd
η

−0.366
: ð50Þ
Using again the formulas (30) and (40) to get rid of the
quotient g=R one writes the above expression as
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Lph ¼ 28.18L⊙
M1.305−1
γ2.3663=2 η
4.351

1þ αd
η

−0.366
×

δ3=2 − 1.31αð1þ αdη Þ4
δ3=2κ−2
1.183
; ð51Þ
where we recall that α≡ κc2βρc. Finally, the MMSM is
obtained from setting LHB ¼ Lph, which yields the result,
MMMSM−1 ¼ 0.290
γ1.323=2 ω
0.09
3=2
δ0.513=2
Iðη; αÞ; ð52Þ
where we have introduced the new function,
Iðη; αÞ ¼ ðαd þ ηÞ
1.509
η1.325

1 − 1.31α
ðαdþηη Þ4
δ3=2κ−2
0.111
: ð53Þ
This is the master equation of this work. Since the function
Iðη; αÞ has a minimum (in η) for every value of α, this
formula provides the MMSM for the quadratic gravity
model (12) as given by the lowest value of the mass such
that Eq. (52) is satisfied. In the next section we shall discuss
the consequences for the observational viability of the
parameters of this theory upon the assumptions considered
so far.
IV. DISCUSSION AND CONCLUSION
We first point out that formula (52) confirms the result of
[31] that the MMSM depends weakly on the opacity κR,
which is an element hard to model, and that we take here to
be given by a reference value κR ¼ 10−2 cm2 g−1 as
discussed in [29] (for a broader discussion of the values
of the opacity in brown dwarfs depending on the density
and temperature, see e.g., [60]). Second, one must bear in
mind that in this formula there appears the parameter α,
which contains both the quadratic gravity parameter, β, and
the central density, ρc. This is a common feature of Palatini
theories of gravity, in that they typically induce new
energy-density dependent contributions, clearly distin-
guishing them from other proposals extending GR. In
the present context, this element introduces novelties in
discussing the constraints for the theory’s parameters, as
shall be seen at once. Finally we also point out that, in the
problem considered here, once a zero of θðξRÞ ¼ 0 is found
by the resolution of the generalized Lane-Emden equa-
tion (16), this introduces modifications in the value of ωn
and δn but not in the conformal factor itself,Φ, since for the
case of n ¼ 3=2 (modeling high-mass brown dwarfs) this
factor trivializes. This is not so for other polytropic indices.
For instance, the case n ¼ 1 (which can be used to model
low-mass brown dwarfs) considered in [58] does introduce
modifications.
One might naively think that, for small values of α, the
functions (21)–(23), obtained after resolution of the
generalized Lane-Emden equation (16), should not signifi-
cantly deviate from those of GR, namely, ω3=2 ¼ 2.71,
γ3=2 ¼ 2.357, and δ3=2 ¼ 5.991 and that, therefore, one
could safely use those values for the problem considered
here. Therefore, considering that for α ¼ 0 the function
(53) peaks at 2.34 for a degree of degeneracy η ¼ 34.7,
and using the value αd ≈ 4.82, one could write a simple
analytic expression for the MMSM as a function of the
parameter α as
MαMMSM ≈ 0.0922ð1 − 0.368αÞ0.111 M⊙: ð54Þ
For GR (α ¼ 0) one gets MGRMMSM ≈ 0.0922 M⊙, which is
consistent with the one recently reported in [32], though
slightly above the one originally obtained by Burrows and
Liebert [29] for the same degree of degeneracy. Plotting in
Fig. 1 the evolution of the MMSM with (small) α yields a
trend in which the MMSM grows (decreases) slowly with
negative (positive) α.
However, this approach turns out to be seriously flawed,
as follows from a case-by-case numerical analysis (in α).
As mentioned above, the modification to the MMSM value
in quadratic Palatini fðRÞ gravity does not enter only by
direct contributions on the parameter α, but also via the
modifications to the value of the constants γ3=2, ω3=2, and
δ3=2, because they depend on the solution of the modified
Lane-Emden equation. The net effect is that the MMSM in
this theory is actually very sensitive to relatively mild
variations in α via these two sources. Thus, resolving the
generalized Lane-Emden equation for specific values
of α (both positive and negative), we have presented the
obtained results in Table I. Here we observe that, starting
from the GR (α ¼ 0) value of MGRMMSM ≈ 0.0922 M⊙, the
actual trend of the MMSM with α is reversed: positive
(negative) values of α yield larger (smaller) values of the
MMSM. We find that a value as high as α ¼ 0.010 yields
0.6 0.4 0.2 0.2 0.4 0.6
0.090
0.091
0.092
0.093
0.094
MMHB
FIG. 1. The normalized MMSM in quadratic Palatini fðRÞ
gravity as a function of the parameter α ¼ κc2βρc assuming the
GR values for ω3=2; γ3=2; δ3=2, as follows from the formula (54).
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MMMSM ≈ 0.0933 M⊙, which is already on the verge
of becoming incompatible with the bound ð0.0930
0.0008ÞM⊙, corresponding to the mass of the M-dwarf
star G1 866C [36], and therefore, values significantly above
this one would be in tension with observations. The branch
α < 0, on the other hand, lowers the MMSM and, therefore,
seems to be safe from any such problems.
This is how far we dare to go on constraining this para-
meter given the limitations and approximations involved
in the crude analytical modeling employed here. Such
limitations include, but are not limited to, the polytropic
approximation (13) itself, missing information on an
accurate description of the atmosphere, thermodynamical
aspects, the approximations for the energy generation rates,
losses on the contribution to LHB due to the approximation
(25), overestimation of a realistic value of η [29], and so on.
As in GR, fully reliable results can only be obtained via
numerical resolutions of the stellar structure equations.
Indeed, since the numerical simulations tend to decrease
the value of the MMSM obtained from the analytical
modeling, as learned from such simulations in the GR
case where one findsM ≲ 0.08 M⊙ [61]), one could expect
the viable range of (positive) α to be somewhat enhanced
with respect to the results obtained here, though we point
out again the quick growth of the MMMSM above α≳ 0.01.
Let us also mention that, should one also have information
on the central density and/or radius of that star, one could
use it to obtain the constraint on the quadratic gravity
parameter β from α. Another option would be to approxi-
mate the central density in our case by using Eq. (31) to
get ρc ∼ R−6.
The above discussion and results show the feasibility of
investigations of nonrelativistic stars, illustrated here with
the case of the MMSM of high-mass brown dwarfs, as
astrophysical tests to constraint Palatini theories of gravity,
in particular, the simple quadratic fðRÞ model considered
here. As already discussed, a major novelty introduced
within these models lies on the fact that, due to the local
contributions on the energy density that these theories
introduce, the MMSM provides constraints upon a combi-
nation of the new gravitational parameter, α, and the star’s
core density, ρc, where the latter have to be estimated by
other means to obtain reliable bounds on the former.
To conclude, in combination with astrophysical tests of
(both individual and merger of binaries) neutron stars and
also with cosmological tests, more refined analyses of the
MMSM could allow us to narrow down the viable range of
the parameters of these theories as compared with different
observations. Another path worth exploring in this context
is the implementation, within astrophysical settings, of the
recently found mapping between the Lagrangian densities
and the spaces of solutions of GR and Ricci-based gravities
[with fðRÞ being just a particular case of the latter] for
generic anisotropic fluids [62], which might allow us to
circumvent some of the many limitations found in the
analysis presented here. In particular, this mapping is
expected to allow for a direct implementation of the
numerical codes developed within GR to the context
described here for further analyses of the MMSM and
other issues of the stellar structure modeling beyond GR.
Finally, both the direct attack presented here and the
shortcut provided by the mapping technique could also
be used to study other Palatini theories of gravity beyond
the fðRÞ family, such as quadratic gravity with Ricci-
squared terms, or Eddington-inspired Born-Infeld gravity
and its many extensions [51]. Work along these lines is
currently underway.
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TABLE I. Numerical values of ξR obtained from θðξRÞ ¼ 0,
and the associated values of the functions γ3=2, ω3=2, and δ3=2 for
different values of α ¼ κc2βρc. The last column provides the
estimations for the normalized (in solar mass units) MMSM for
each value of α, which must be compared with the observational
bound 0.0930 0.0008 M⊙ of the M-dwarf star G1 866C [36].
α ξR ω3=2ðξRÞ γ3=2ðξRÞ δ3=2ðξRÞ M=M ⊙
−0.100 3.64 2.39 2.25 6.67 0.0810
−0.010 3.65 2.68 2.35 6.09 0.0910
0 (GR) 3.65 2.71 2.36 5.97 0.0922
0.006 3.66 2.73 2.36 5.95 0.0929
0.010 3.66 2.75 2.37 5.93 0.0933
0.015 3.66 2.77 2.46 5.89 0.0980
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